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Abstract
In this paper, we discuss the stock price model as Geometric Brownian motion.
After that, we obtain a closed form solution to the model using Itô’s Lemma.
Moreover, we use this solution to derive the Black Scholes formula.
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CHAPTER 1

Introduction
This major paper concerns a study of geometric Brownian motion that was
assumed by Black and Scholes to be a model of a stock price and obtain a solution
to this model which will be used in the derivation of Black Scholes formula.

We begin this paper with a brief overview of some mathematical foundations
that are essential to understanding the model of a stock price and comprehend
Black Scholes world. In the third chapter, we introduce Plain Vanilla European
call and put options which is priced using the formula. After that, we study the
put-call parity that is used in the derivation of the put option. The fourth chapter
demonstrates the risk-neutral derivation of Black Scholes formula. After that,
we explain some of the properties of the Black-Scholes formula to get a better
understanding of it.
The fifth chapter aims to explain the model of a stock price and consider some
of the justifications of this model. We start with Efficient Market Hypotheses.
Then, we try to introduce the model in a simple way. After that, we construct the
Brownian motion from a discrete random walk example, and we explain some of
its properties. Ultimately, we discuss a Geometric Brownian motion.
The last chapter aims to understand Itô’s Lemma and its applications. We start
that chapter with a justification of Itô’s process multiplication rules. Moreover, we
study Itô’s Lemma and mention some of its importance in stochastic calculus and
financial world. Then, we prove Itô’s Lemma. Furthermore, we consider some of
the application of Itô’s Lemma including solving our Geometric Brownian motion
to obtain a lognormal model which used in the derivation of Black Scholes formula.

1

CHAPTER 2

Preliminaries
This chapter contains some basics of math that is essential to understand this
paper.
We review some definitions and theorems of probability theory concerning normal
and lognormal distribution and some of their properties.
The primary references for this section are [1] and [11].

2.1. Properties of the normal and lognormal distribution
The normal distribution is essential in this paper because it is used to model the
future returns of the stock price. Therefore, we will start reviewing this distribution
and some of its properties.
Definition 2.1.1. For reals −∞ < µ < ∞ and σ > 0, the normal distribution
(or Gaussian distribution) denoted N (µ, σ 2 ) with mean µ and variance σ 2 is a
continuous random variable with probability density function defined by:
(x−µ)2
1
f (x) = √ e− 2σ2
σ 2π

Definition 2.1.2. The standard normal distribution is N (0, 1).
Theorem 2.1.3. The random variable X is a normal random variable if and
only if X = µ + σZ where Z is the standard normal variable and E[X] = µ,
V ar[X] = σ 2 .
Definition 2.1.4. If X is a continuous random variable having probability
density function f (x), then the expected value of X is given as:
Z ∞
E[X] =
xf (x)dx
−∞

and is called the mean of X.
2
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Definition 2.1.5. Let f (x) be a probability density function with

R∞
−∞

3

xf (x)dx <

∞. Let m = E[X] denote the expected value of X. Define the variance V ar[X]
as:
2

Z

∞

(x − m)2 f (x)dx

V ar[X] = E[(X − E[X]) ] =
−∞

Lemma 2.1.6.
V ar[X] = E[X 2 ] − (E[X])2
Definition 2.1.7. The standard deviation of a random variable X is given by
σ[X] =

p
V ar[X]

Definition 2.1.8. Denote by N (t) the cumulative distribution of the standard
normal variable:
1
N (t) = P (Z ≤ t) = √
2π

Z

t

e−x

2 /2

dx

−∞

Lemma 2.1.9. Let Z be the standard normal variable. Then P (Z ≥ a) =
P (Z ≤ −a) for all a ∈ R, and
1 − N (a) = N (−a), ∀ a ∈ R
In the fourth chapter, we will see that the cumulative normal distribution
function is a central part of the Black Scholes formula.
Definition 2.1.10. A random variable Y is called lognormal if Y > 0 and
ln(Y ) = µ + σZ,
where Z is standard normal variable. We say Y is lognormal with parameters µ
and σ.
Theorem 2.1.11. Let X1 , ..., Xk be independent normal distributions with each
Xj ∼ N (µj , σj2 ).
Then
X1 + ... + Xk ∼ N (µ1 + ... + µk , σ12 + ... + σk2 )
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Theorem 2.1.12. A product of independent lognormal variables is also lognormal with parameters
µ=

X

µj

j

σ2 =

X

σj2

j

Theorem 2.1.13 (Central Limit Theorem, (CLT),[14]). If {Xi } are independent identically distributed (IID) random variables with finite mean E[X] = µ and
V ar[X] = σ 2 , then
n
1 X
Zn := √ (
Xi − nµ) → N (0, 1), n → ∞
σ n i=1

in distribution:
lim P (Zn ≤ x) = N (x), x ∈ R

n→∞

When µ = 0, σ = 1, then the CLT becomes
n
1 X
Xi ) → N (0, 1), n → ∞
Zn := √ (
n i=1

Moreover, for any constant c 6= 0, cN (0, 1) ∼ N (0, c2 ), and therefore with µ = 0,
σ = 1, c 6= 0 the CLT becomes
n
1 X
c√ (
Xi ) → N (0, c2 ), n → ∞
n i=1

We will see one of the applications of this theorem in the demonstration of
Brownian Motion in chapter 5.

CHAPTER 3

European Options
We begin with an introduction of European put and call options. Then, we
explain the relationship between them with the put-call parity, and we prove it.
The main references for this chapter are [1] and [2].
3.1. Plain Vanilla European Call and Put Options
In this section, we need to know some basic definitions that will help us to
understand the Black Scholes formula.
Definition 3.1.1. [3] A derivative security or derivative is a financial instrument whose value depends on an underlying asset.
The term a derivative security is broad, but we will concentrate here on one
of the commonest types of derivatives which is options. There are two main types
of options which are European and American. The main difference between them
is the time of exercise. European options have a predetermined date of exercise,
whereas American option can be exercised in any date during the life of the option
contract. The term Plain Vanilla options mean the options are ubiquitous. That
is normal or has standard features such as the size. This term distinguish these
types from other types that are complicated called Exotic.
Now, we will define our central concepts which are European call and put.
Definition 3.1.2. A Call Option is a contract between two parties that gives
the right, but not the obligation, to buy from the seller of the option an asset, i.e.,
one share of the stock, at a certain date in the future that is called maturity T , or
expiration date, for a specific price which is called strike price K or exercise price.
For this right, the buyer of the option pays C(t) at time t < T to the seller of the
option.

5
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Definition 3.1.3. A Put Option is a contract between two parties that gives
the right, but not the obligation, to sell to the seller of the option an asset, i.e.,
one share of the stock, at a certain date in the future that is called maturity T , or
expiration date, for a specific price which is called strike price K or exercise price.
For this right, the purchaser of the option pays P (t) at time t < T to the seller of
the option.
A call and put option on an underlying asset that we assumed to be the stock
price that has today price S(t) and future price S(T ). We say call option expires
in the money (IT M ) when S(T ) > K, at the money (AT M ) when S(T ) = K, or
out of the money (OT M ) if S(T ) < K.
However, a put option expires in the money if S(T ) < K, at the money S(T ) = K,
or out of the money if S(T ) > K.

At maturity T , the payoff of European call option is


S(T ) − K, if S(T ) > K
C(T ) = max(S(T ) − K, 0) =

0,
if S(T ) ≤ K
At maturity T , the payoff of European put option is


0,
if S(T ) ≥ K
P (T ) = max(K − S(T ), 0) =

K − S(T ), if S(T ) < K.
The main goal of this paper is to know the fair value of the call and put option
at the present time t which we denoted as C(t) and P (t), respectively, and that
what Black Scholes formulas will tell us in the next chapter. However, we went
to know the relationship between European call and put option, and that will be
studied in the next section.
3.2. The Put-Call Parity for European Options
Definition 3.2.1. [10] A portfolio is a collection of investments held by an
individual or institution.
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Definition 3.2.2. Arbitrage is a trading strategy that hunts advantage of two
or more securities being mispriced relative to each other.
That means, the arbitrage opportunity is a risk-less opportunity to earn money.
It should be mentioned that if the Put-Call Parity does not hold, then there are
arbitrage opportunities. However, In the Black Scholes world, it is assumed that
there are no risk-less arbitrage opportunities.
Now, we want to know the Put-Call Parity which will show the relationship
between European put and call Options, where they have the same expiration and
strike price.

Theorem 3.2.3. (The Put-Call Parity ). Let C(t) and P (t) be the values of
European call and put options, respectively, with the same exercise price K and
expiration date T , on the same non-dividend paying stock with spot price S(t) and
its future value at the maturity is S(T ).
Therefore, The put-call parity states that
P (t) + S(t) = C(t) + Ke−r(T −t) .
Proof. To prove this parity we need the The Law of One Price which states
that [10]: If, in an arbitrage-free world, portfolios A and B are such that at time
T , A is worth at least as much as B, then at any time t < T , A will be worth at
least as much as B.
Therefore, Suppose we have two portfolios A and B such that:
Portfolio A made of one European put option and one share of the stock
Portfolio B

.

made of one European call option and a risk-free bond that has a
payoff of K at the expiration, so its present value is K e−r(T −t).

Now, we want to examine the values of these portfolios at the maturity T :
If S(T ) > K , then C(T ) = S(T ) − K and the free-risk bond = K. Therefore,
the value of the portfolio B = S(T ) − K + K = S(T ). Moreover, the P (T ) = 0,
so the put option will not be exercised when K < S(T ) because it is worthless.
Thus, the value of portfolio A is S(T ).

3.2. THE PUT-CALL PARITY FOR EUROPEAN OPTIONS
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If S(T ) < K , then C(T ) = 0, which means the call option will be out of the
money (OTM), so it will not be exercised. Therefore, the value of the portfolio
B = K. Now, the put option will be in the money, and it should be exercised and
its value as
P (T ) = K − S(T )
and the share value = S(T ). Thus, the value of the portfolio A = K − S(T ) +
S(T ) = K.
We realize the value of these portfolios A and B are equal at the maturity T
regardless of whether S(T ) > K or S(T ) < K, their values always worth
max(S(T ), K)
Applying the Law of One Price, these portfolios A and B must have identical
values today at (t < T ).
Therefore, the value of portfolio A(t) = P (t) + S(t), and the value of the
portfolio B today = C(t) + Ke−r(T −t) .
Thus,
P (t) + S(t) = C(t) + Ke−r(T −t) .

We can use this relation between European Put and call options to determine
the value of one of them when we know the other. Therefore, we will see one of
its application in the derivation of the Black Scholes formula for put option where
we have derived the value of the European call option.

CHAPTER 4

Black Scholes Formula
The goal of this chapter is to derive the famous option pricing formula using
the lognormal model of the stock price.

We derive the Black Scholes formula for a call option using risk-neutral concept
and the lognormal model of stock. Also, we obtain the Black Scholes formula for
a put option using put-call parity and the value of the call. Finally, we conclude
this chapter with some of the interpretation of the formula.
The main references for this chapter are [1] and [2].
4.1. Risk-neutral derivation of the Black Scholes formula
European put and call options can be priced using the risk-neutral assuption,
which defined as discounted expected values of their payoffs at maturity T . Let
r be the risk-free interest rate, and σ be the volatility. Therefore, at the present
time t = 0 risk-neutral valuations of European call and put option, respectively,
are as follow:
C(0) = e−rT E[C(T )]
P (0) = e−rT E[P (T )].
The expected value of put and call is computed with respect to the future stock
price S(T ) which is given by the following expression:
S(T ) = S(0) e



√
2
r− σ2 T +σ T Z

.

(4.1.1)

This expression will be clarified later on in this paper.
Theorem 4.1.1. Assuming risk-neutrality and the price of a stock has a lognormal distribution, and we have non-dividend paying stock where S(T ) and S(0)
represent the future stock price and its initial value, respectively. Let r be the
9
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risk-free interest rate, σ is the constant volatility of the stock. Let C(T ) and C(0)
represent the value of European call option at the maturity T and today t = 0,
respectively. Similarly, P (T ) and P (0) represent the value of European put option
at maturity and in the present, respectively. Also, K is the strike price, and
N (x) denotes the cumulative distribution function of a standard normal variable.
Therefore, the Black-Scholes formulas are
C(0) = S(0)N (d1 ) − K e−rT N (d2 )
whereas,
P (0) = K e−rT N (−d2 ) − S(0)N (−d1 )
where,

ln(S(0)/K) + r +
√
d1 =
σ T

σ2
2



T


ln(S(0)/K)
+
r−
√
√
d2 = d1 − σ T =
σ T

σ2
2



T

Proof. We know that the value of the call option at the maturity T is
C(T ) = max[S(T ) − K, 0].
We use risk-neutral valuation of call option
C(0) = e−rT E[C(T )]
(4.1.2)
= e−rT E[max(S(T ) − K, 0)].
Then, we can see here the price of a call option depends on the value of stock price.
Therefore, One of the advantages of using the lognormal model of a stock is that
helps us to compute the probability of call option expires in the money (ITM);
that is equivalent to computing the probability that S(T ) ≥ K.

4.1. RISK-NEUTRAL DERIVATION OF THE BLACK SCHOLES FORMULA
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Therefore:

P (S(T ) ≥ K) = P



S(0) e


=P

2

r− σ2



√
T +σ T Z



√
2
r− σ2 T +σ T Z

e


=P

σ2
r−
2



ln

≥K

K
≥
S(0)



√





T + σ T Z ≥ ln



= P Z ≥



K
S(0)





− r−
√
σ T

σ2
2

K
S(0)



 
T


= P (Z ≥ −d2 )
Then,

max[S(T ) − K, 0] =




√
σ2

S(0) e r− 2 T +σ T Z − K

, if Z ≥ −d2


0

, if Z < −d2

back to equation (4.1.2)
C(0) = e−rT E[max(S(T ) − K, 0)]

=e

−rT

Z

∞





S(0) e

2

r− σ2


√
T +σ T x


−K √

−d2

e−rT
=√
2π

Z

Ke−rT
− √
2π

∞

S(0) e



√
2
2
r− σ2 T +σ T x − x
2

e

x2
1
e− 2 dx
2π

dx

−d2

Z

∞

−d2

e−

x2
2

dx

(4.1.3)
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Let’s focus on the first integral in the equation (4.1.3) for now,
Z ∞  2 √
2
1
r− σ2 T +σ T x− x2
−rT
√
e
dx
S(0) e
2π
−d2
1
=⇒ √
S(0)
2π

Z

1
=⇒ √
S(0)
2π

Z

1
=⇒ √
S(0)
2π

Z

∞

e−

σ2
T +σ
2

√

2

T x− x2

dx

−d2
∞

1

e − 2 (x

2 −2σ

√

T x+σ 2 T )

dx

−d2
∞

1

e− 2 (x−σ

√

T)

2

dx

(4.1.4)

−d2

√
Let y = x − σ T
dy = dx
For the lower limit of the integral
√
y = −d2 − σ T

= 



ln(K/S(0)) − r −
√
σ T

ln(K/S(0)) − rT +
√
=
σ T

 2
σ
2

 

T
√
 − σ T

T − σ2T



σ 2 T − 2σ 2 T
ln(K/S(0)) − rT +
2



σ2
ln(K/S(0)) − r +
2

=

=

σ2
2

= −d1





√
σ T

 

√
T
σ T

4.1. RISK-NEUTRAL DERIVATION OF THE BLACK SCHOLES FORMULA
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∴ the lower limit of the integral will be y = −d1 . Then, back to equation (4.1.4)
and substitute y and dy
1
√
S(0)
2π

Z

∞

1 2

e− 2 y dy

−d1

=⇒ S(0) [1 − N (−d1 )]
=⇒ S(0)N (d1 )

(4.1.5)

Now, let’s back to the second integral in equation (4.1.3)


Z ∞
−x2
1
−rT
√
Ke
e 2 dx
2π −d2
=⇒ K e−rT [1 − N (−d2 )]
=⇒ K e−rT N (d2 )

(4.1.6)

substitution equations (4.1.5) and (4.1.6) in equation (4.1.3), we obtain
C(0) = S(0)N (d1 ) − K e−rT N (d2 )

(4.1.7)

This is the Black-Scholes formula for the European Call option.
To obtain the Black-Scholes formula for the European Put option, it can be
done similarly.
However, we can calculate it easily using Put and Call parity as follow:
P (0) + S(0) = C(0) + Ke−rT

4.2. PROPERTIES OF THE BLACK SCHOLES FORMULA
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We want to calculate P (0), so
P (0) = C(0) − S(0) + Ke−rT


= S(0)N (d1 ) − Ke−rT N (d2 ) − S(0) + Ke−rT
= Ke−rT [1 − N (d2 )] − S(0)[1 − N (d1 )]
= Ke−rT N (−d2 ) − S(0)N (−d1 ).
Therefore, the Black-Scholes formula for European Put option is
P (0) = Ke−rT N (−d2 ) − S(0)N (−d1 ).

(4.1.8)


4.2. Properties of the Black Scholes formula
We want to see if some parameters of the formula take an extreme value,
what will happen? If S(0) becomes large, both d1 and d2 will be very large; as a
consequence, N (d1 ) and N (d2 ) will be close to 1. So, the Black Scholes call option
equation almost will be close to
S(0) − K e−rT
However, European put option value approaches zero when S(0) is large because N (−d1 ) and N (−d2 ) are both close to zero.
Moreover, let’s consider the case that S(0) becomes very small. Therefore, the
call option will be close to zero since d1 and d2 become very large in negative, and
then N (d1 ) and N (d2 ) are both close to zero. Regarding put option price that
will become close to
Ke−rT − S(0)
because N (−d1 ) and N (−d2 ) become close to 1.

4.2. PROPERTIES OF THE BLACK SCHOLES FORMULA
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Understanding N (d1 ) and N (d2 ).
There is a straightforward interpretation of N (d2 ) in the Black Scholes formula
for pricing European call option which is the probability of the exercise in the
risk-neutral world. We have seen that in the derivation of this formula where we
compute the probability of the stock price at maturity will be above or at the
strike price.

However, the term N (d1 ) is not easy to interpret. Let’s first write the expression of the expected payoff of the call option in a risk-neutral world at maturity T
as
C(T ) = S(0)erT N (d1 ) − KN (d2 )

(4.2.1)

where S(0)erT N (d1 ) is the expected stock price in risk-neutral world at time T ;
when S(T ) < K, S(0)erT N (d1 ) counted as zero. Regarding K that is the strike
price will be paid only if the S(T ) > K, which has the probability N (d2 ).

If we want to write the present value of the equation (4.2.1), we multiply both
sides by the present value factors e−rT . As a result, that will be the same as the
Black Scholes formula for call option:
C(0) = S(0)N (d1 ) − Ke−rT N (d2 )

(4.2.2)

In other world, if we rewrite the last equation above as


C(0) = e−rT N (d2 ) S(0) erT N (d1 )/N (d2 ) − K
The term erT N (d1 )/N (d2 ) means the expected percentage increase in the stock
if the option exercise[2].

CHAPTER 5

Geometric Brownian Motion
The goal of this chapter is to describe and justify the model of a stock price.

The first section explains an economic justification of the stock price model
which is Efficient Market Hypothesis.
The second section introduces the main assumption of Black Scholes formula
which is a return of the stock is normally distributed over independent intervals.
What we do in the third section is that to grasp the ideas of Brownian motion,
we start by a construction of a standard Brownian motion using a simple example
of a symmetric random walk. Then, we study some of the properties of a discrete
and continuous random walk. Finally, we discuss Geometric Brownian motion.
We introduce its definition and its properties.
The main references for this chapter is [4] in the first and second sections, and
[12], [8], [7], [13], and[1] in the rest.
5.1. Efficient Market Hypothesis
Because one of our goals in this paper is to justify the model of stock price,
one of the economic reasons is Efficient Market Hypothesis.

When you think of the stock price and what factors may affect its value, you
may find many factors in the market. For example, the stock price can be influenced by company policy, competition with others, inventions, current price, its
history, and some others depend on the type of stocks. Therefore, coming up with
a model for the future stock price is not easy to include all these factors, so mathematical modelers have come up with some approximation assumptions to simplify
that. Then, they could obtain an equation by assuming the market is efficient.

16
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Therefore, the randomness that must be in the asset prices due to Efficient
Market Hypothesis, which basically can be summarized in two points [4]:
• The past history of the asset price is fully reflected in the current price.
• Markets respond immediately to any new information about an asset.
As a result of the Efficient Market Hypothesis, the model has Markov property
which merely means no memory, so the model is independent of the past, and
it models the arrival of new information which affects the price. That gives economical reasons justifying the model. This concept will be discussed with further
details later on in this chapter.

It should be mentioned that even though Efficient Market Hypothesis may be
an unrealistic assumption, it helps the mathematical modelers to come up with a
model to value future stock price and reduce some of the riskiness that associate
with the financial world.
Professor Donald G. Saari mentioned that the Efficient Market Hypothesis is a
nice, most convenient assumption for mathematical construction model; however,
it is not valid in general (2014).
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5.2. Assumptions about How Stock Prices Evolve
There is a simple assumption of the model of the future stock price as geometric
Brownian motion. Considering a non-dividend paying stock, Black, Scholes and
Merton assumed that return on the stock in a short period of time is normally
distributed. Also, in two different non-overlapping intervals, their returns are supposed to be independent [2].

Let’s first, discuss the meaning of the return and then explain its distribution.
The return which is the main concern for anyone who invests their money is defined
as the change in the stock price divided by its initial value.
Let Si denote the stock price on the ith day, the return from day i to day i + 1 is
Ri =

Si+1 − Si
Si

(5.2.1)

Investors concentrate on the percentage price change instead of the absolute
change which is not a useful quantity by itself. Let S be the stock price and
throughout this paper we assume non-dividend paying stock. Let dS the instanta
neous change in the stock. As it is mentioned above the return on stock price dS
S
between now and a very short time (dt) – where dt represents small time interval
– is normally distributed with mean rdt, and variance σ 2 dt, that is
dS
∼ N (rdt, σ 2 dt).
S

(5.2.2)

For interpretation of the above equation, we will write it in the form of a
stochastic differential equation as follow:
dS
= rdt + σdB.
S

(5.2.3)

We will describe our model which is equation (5.2.3); however, it will be investigated in-depth later in this chapter, and then we obtained its solution in the
following chapter.
The model contains two parts:
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(1) One part is predictable which is rdt.
It represents a deterministic effect or change such as interest, where r is
the continuously compounded expected return which is known as drift,
and it is assumed to be constant in a simple model like the model that
we are discussing here. However, r can be a function of S and t in more
complicated models.
(2) The second part of the model σ represents the randomness of the stock
price due to a variety of influences such as unexpected news which make
the price vary up or down in short time.
Where σ is called Volatility, that is assumed to be constant and its measures the standard deviation of the return.
So far, we know what we meant by all symbols in equation(5.2.3) except dB will
be explored in details in the following section.

If we ignore the randomness of the stock for a moment and assume σ = 0, we
would have the ordinary differential equation:
dS
= rdt
S

(5.2.3)

or
dS = rSdt.
Therefore, the return is like invested money in a risk-free bank, and that is like
saving account which has some fixed rate of interest. Thus, we can predict with
certainty the balance of the account at any future date by knowing the current
balance and interest rate. We solve our ordinary differential equation(5.2.4), we
get the following:
S = S0 er(t−t0 ) .

(5.2.4)

Unfortunately, the absence of randomness cannot happen in the stock price since
it is a feature of it; hence, the random term must be part of the model of this risky
investment.
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Let’s consider some of the properties of dB:
(1) dB is a random variable drawn from a normal distribution.
(2) the mean of dB is zero.
(3) the variance of dB is dt.
The term dB is called Wiener process and it is also known as Brownian motion.

We need the expected value of dB to be zero, and the variance to be dt because
we want the random term dB to be just oscillation around the drift with standard
√
deviation σ dt.

Technical Point: Parameter Estimation
Fortunately, σ is the only parameter that is needed to be estimated because it
appears in the Black Scholes formula. A simple approach to the estimation of
volatility from historical data is all about calculated the standard deviation of
short-term returns as follow:
• We fix a standard time period dt (i.e. one day), and then we express it in
a year unit (i.e.

1
365

or mostly used

1
252

since 252 is the number of trading

days per annum).
• We collect the data regarding the price of the stock in the past.
• We compute the daily return for this data using the following:
ri = ln(Si+1 /Si )
• we compute the average of the sample returns. Let’s have a total of n + 1
returns which are r0 + r1 + · · · + rn
r̄ =

1
(r0 + r1 + · · · + rn )
n+1

• we compute the standard deviation as
r
1
1
σ=√
((r0 − r̄)2 + (r1 − r̄)2 + · · · + (rn − r̄)2 )
dt n
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√
We divided by dt because in our model the volatility of a period of time dt is
√
σ dt. Also, inside the square root, we divided by n and not n + 1 because we are
estimating the volatility not computing the actual value of it.
5.3. Standard Brownian Motion
5.3.1. Construction of Brownian Motion. In this section, we will discuss
an example of a simple symmetric random walk, and some of its properties. Then
we build on that to construct a Brownian motion which is a version of a random
walk.
A stochastic process is a random process that is a function of time.
A random walk is a stochastic process with independent increments.
We say a random walk is symmetric if the probability of an increase in the
value of the random walk equals the probability of decrease in the random walk.

Example 5.3.1. As a motivation example of a discrete random walk is tossing
a coin.
Let’s consider this game of tossing a coin, every time you get heads, you win $1.
However, if you get tails, you lose $1. We want to know how much money you
have after n tosses. Consider a sequence of random payouts Rj of ±$1. Assume
these IID, with P (R = 1) = P (R = −1) = 0.5. Then,
E[R] = 0,
and
V ar[R] = 1.
As we know in this experiment, these expectations are conditional on the past or
not; it does not really matter since the outcome on the nth toss does not affected
with the previous outcomes.
Suppose Xi is the total amount of money that you have won up to and include
the payout at time t = i.
So,
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i
X
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Rj

j=1

It will be useful later on when we reach the Brownian motion point if we start
with no money as Xi = 0. Now, let’s calculate the expectation of Xi . In this case,
It does matter what information we have. Before the experiment has even started,
the calculation of the future events will be
E[Xi ] = 0 that is because of E[R] = 0.
Then,
V ar[Xi ] = i.

That follows from the below calculation

V ar[Xi ] = E[Xi2 ] − (E[Xi ])2
= E[Xi Xi ] − 0
= E[(R1 + − − − + Ri )(R1 + − − − + Ri )]
= E[R12 + R1 R2 + − − − + Ri Ri−1 + Ri2 ]
= E[R12 + R22 + − − − + Ri2 ]
= i

That happens because the only terms that are matter are the squared terms
since the rest will be zero due to independence of Ri and Rj where i is not equal
to j.
That is E[Ri Rj ] = E[Ri ]E[Rj ] = 0
Therefore, the main property of such a payout process which is a simple example of a random walk is the following:
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• Quadratic Variation: the quadratic variation is property of a random walk
which can be defined as
i
X
(Xj − Xj−1 )2
j=1

Therefore, in the experiment,
i
X

i
i
X
X
2
(Xj − Xj−1 ) =
(Rj ) =
1=i

j=1

j=1

2

j=1

The main objective of using a coin tossing experiment is to modify it to reach
a continuous time random walk which is the Brownian motion that we aimed to
demonstrate.
Changing the rules of the coin tossing experiment, set t to be the number of time
periods, and n to be the number of steps in the random walk. Then, the length of
one time step t/n, and we change the bet size (increment) instead of being $1 to
p
be t/n. So
p
Ri∗ = ± t/n
P
With Xi = ij=1 Rj∗ , we see that
E[Xi ] = 0,
That is due to E[Ri∗ ] = 0
p
E[Xi2 ] = i( t/n)2 = i(t/n)
p
E[Xn2 ] = n( t/n)2 = n(t/n) = t
That can be expressed in the form of increments as
n
X
(Xj − Xj−1 )2 = t
j=1

It should be noted that the final result is independent of n which is the number
of the step in the random walk, so it does not matter how many time steps there,
the result should be equal to t. Therefore, for this reason, the increment scales
p
with the square root of the time step( t/n), so the variance remains finite.
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Now, it is time to move from discrete random walk to continuous random walk by
consider the limit as n → ∞, and call the resulting process Xt , that is the value
of the random variable after a time t ( the money you have own). Then, for each
t > 0,
E[X(t)] = 0
and
V ar[X(t)] = E[X(t)2 ] = t

As the time step goes to zero, the limiting process for this random walk is
called Brownian motion that will be denoted in this paper by B(t), and we will
study it in further details in the following section.

From our experiment, we can write:
B(t) =

√

n

1 X
t[ √
Ri ]
n i=1

(5.3.1)

Considering the term in the square bracket, we apply the Central Limit Theorem that is stated in the second chapter. As a result, as n goes to infinity, we
have
n

1 X
√
R(ih) → N (0, 1),
n i=1
and, therefore, equation (5.3.1) implies that:
B(T ) =

√
T Z; with Z ∼ N (0, 1).

Also, we can write above expression in the differential form of Brownian motion
which is the following stochastic differential equation as
√
dB(t) =

dtZ.

(5.3.2)

Now let’s study the definition of Brownian motion and some of its main properties.
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5.3.2. Brownian Motion.
Definition 5.3.2 (Brownian Motion). Brownian motion or as it is called standard Brownian motion is a continuous stochastic process B(t) with the following
characteristics:
• B(0) = 0
• For all t ≥ 0 and all h > 0, the increment B(t + h) − B(t) is a normal
random variable with mean 0 and variance h.
• B(t) has independent increments: Consider a sequence of non-overlapping
time intervals (tj , tj + hj ] (touching in the endpoints is OK) then the
increments B(tj + hj ) − B(tj ) are independent.
Now it is time to review some essential properties of Brownian motion.
• Finiteness: It is crucial that scaling the increment with square root of the
time step because any other scaling would have ended with random walk
going to infinity in a finite time or a limit with no motion at all.

• Continuity: there are no discontinuities in the path of Brownian motion,
and its path is fractal and not differentiable anywhere.

• Markov: the conditional distribution of B(t) given information up to time
τ < t only depends on B(τ ).That means the future state given the present
state is independent of the past [14].

• Quadratic Variation: when we divide up the time 0 to t in a partition
with n+1 Partition points tj = jt/n then
n
X
(B(tj ) − B(tj−1 ))2 → t (almost surely)
j=1
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since
lim

n→∞

n
X

2

(B(tj ) − B(tj−1 ))

=

j=1

=

=

lim

n→∞

lim

n→∞

lim

n→∞

n
X

√
(Rjh h)2

j=1
n
X

h

j=1
n
X
T
j=1

n

= T
Where we have used that Rjh = ±1 has a binomial distribution.
Thus, the quadratic variation of Brownian process B(t) is defined as the sum of the
squared increments to the process. We have shown that using the approximation
of Brownian motion as the sum of the independent binomial random variable.
Therefore, the quadratic variation of Brownian motion is finite and equal to T ,
which means is not a random variable. Hence, there is an important application of
the finiteness of the quadratic variation which is that the higher order variations
are zero. This result is important, and we will refer to it throughout this paper.
Example 5.3.3. the sum of the cubed increments of the standard Brownian
motion B is equal to zero. That is:
lim

n→∞

n
X

[B(ih) − B((i − 1)h)]3 = 0

i=1

That can be shown as the same way where we did the quadratic variation.
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Now we want to know the total variation of the standard Brownian motion.
lim

n→∞

n
X

|B(ih) − B((i − 1)h)| =

i=1

=

=

n
X

lim

n→∞

lim

n→∞

lim

i=1
n
X
√
h
i=1
n
X

n→∞

√
|Rih | h

i=1

√
T
√
n

n
X
1
√
=
T lim
n→∞
n
i=1
√
√
=
T lim n

√

n→∞

= ∞
Therefore, over any finite interval [0, T ] the absolute length of the Brownian path
is infinite. As a result, the Brownian motion path moves up and down rapidly,
and that implies infinite crossing property, so in the interval, [0, T ], the path of
Brownian motion will cross its starting point an infinite number of times.
5.4. Geometric Brownian Motion
The drift and volatility can be written as a function of the random variable
X(t) as follow:
dX(t) = α(X(t))dt + σ(X(t))dB(t)
Solutions of this equation are called an Ito process, when the drift α and the
volatility σ depend on X(t). Here dB(t) is the change in the Brownian motion
over a short period of time. In particular if α(X(t)) = αX(t) and σ(X(t)) = σX(t),
so the previous equation becomes:

dX(t) = αX(t)dt + σX(t)dB(t)
so
dX(t)
= αdt + σdB(t)
X(t)

(5.4.1)

This equation is known as Geometric Brownian Motion. It says the percentage
change in the random variable X(t) is normally distributed with instantaneous
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mean α and instantaneous variance σ 2 .

Note 5.4.1. this equation is almost the same as equation (3.2.3),but the stock
price is our random variable, and α = r which is the constant risk-free interest
rate. Therefore, the price of stocks and other assets follows geometric Brownian
motion as it is assumed by Black and Scholes.
To obtain a solution for this equation, we need a mathematical tool called Itô’s
Lemma and that will be discussed in details in the next chapter.
Now, let’s consider some of Geometric Brownian Motion Properties.

Geometric Brownian Motion Properties
Suppose that S(t) is Geometric Brownian Motion with drift parameter µ,
volatility σ and initial value S0 then
(1) S is a stochastic process with initial value S0
(2) S has independent growth factors: for any sequence on non-overlapping
intervals (tj , tj + hj ] the growth factors S(tj + hj )/S(tj ) are independent.
(3) For all t ≥ 0 and h > 0 the growth factor S(t + h)/S(t) is log-normal
e(N (µh,σ

2 h))

with mean e(µ+1/2σ

2 )h

and variance e(2µ+σ

2 )h

(eσ

2h

− 1)

Now, it will be illustrated that stock price has independent growth factors that
are log-normally distributed. Suppose ST denote stock price at future time T and
let S0 be the initial value of the stock at time 0. Suppose the ratios S(T )/S(T −1),
where t ≥ 1 are independent and identically distributed, then we can write:

ST =

ST
ST −1
ST −1

which upon iteration gives

ST ST −1
ST −2
ST −1 ST −2
ST ST −1
...S0
=
ST −1 ST −2

ST =
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This equation represents stock price as a product of a large number of IID random
variables, so we apply natural logarithm which will change the multiplication to
addition:

ln(ST ) = ln(

ST
ST −1
) + ln(
) + ... + ln(S0 )
ST −1
ST −2

So:
ln(ST ) − ln(S0 ) = ln(
So:
ln(ST /S0 ) =

ST
ST −1
) + ln(
) + ...
ST −1
ST −2

T
X

ln(Si /Si−1 )

i=1

The sum of independent random variables, each of small variance is approximately
normal due to Central Limit Theorem. Therefore, ln(ST /S0 ) will be suitable normalize, and ST /S0 will be approximately Geometric Brownian Motion[9].

CHAPTER 6

Itô’s Lemma.
We need an important mathematical tool called Itô’s Lemma to deal with the
stochastic process that we have and obtain a solution for our model.

In this chapter, we start by explaining some of Itô’s process multiplication rules
that we need. Then, we discuss and prove Itô’s Lemma. Moreover, we demonstrate
some of Itô’s Lemma application which is our main target in this chapter, where
we obtain a solution for the geometric Brownian motion model.
In this chapter, the main references are [4], [15], [16].
6.1. Itô process multiplication rules
Let’s recall some symbols from the previous chapter, dBt and dt which represent
the changes in Brownian motion and changes in times, respectively. Since we are
working with Itô process and geometric Brownian motion, there is some situations
where we need to multiply dBt by itself, dt by itself, or dBt by dt. These product
rules are called Itô process multiplication rules, and will see their application in
Itô’s Lemma derivation.
First rule is
(dt)n = 0,

,

as we Know from regular Calculus.
The second rule will be used is

dtdBt = 0,
where
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n≥2
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dBt = Bt+dt − Bt
= Bdt =

√
dtZ,

Z ∼ N (0, 1).

In order to show this rule, we will write it in the integration form as:

Z
0

T

n

X
T p
dtdBt = lim
T /nZi
n→∞
n
i=1
n
√
1 1X
= T ( T lim √ (
Zi )
n→∞
n n i=1

√
= T T · 0 · (E(Z))
=0
The third rule is that
dBt2 = dt
We can write it as follow:
Z

T
2

Z

(dBt ) = T =
0

T

dt
0
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i.e.,
Z

T

n 
2
X
p
(dB) = lim
T /nZi
2

n→∞

0

i=1

"

n

1X 2
Z
= lim T
n→∞
n i=1 i

#

= T E(Z 2 )
= T V ar(Z)
=T
So, (dBt )2 = dt.
Also, (dBt )n≥3 = 0 because (dBt )n≥3 = dt(dBt )n≥1 = 0
6.2. Itô’s Lemma
The rules for differentiation and integration are different in stochastic calculus
from those in classical calculus. Itô’s Lemma is one of the main theorems in a
stochastic environment. It plays a rule to stochastic variables as Taylor series do
to deterministic variables. Itô’s Lemma is a way of expanding functions or approximating in a series in dt. However, the difference between Itô’s Lemma and
Taylor series is using the multiplication rules explained in the previous section, in
particular (dBt )2 is not equal to zero, but dt2 and dtdBt does.

Now, we want to know what is an Itô’s Lemma.

Theorem 6.2.1. (Itô’s Lemma). Let Xt be a stochastic process, and suppose
we have f (t, x), f : R+ × R → R. We have Xt = f (t, Bt ), whereBt is the standard
Brownian motion.
Then,

dXt = df (t, B(t)) =

∂f
1 ∂ 2f
+
∂t
2 ∂x2


dt +

∂f
dB(t)
∂x
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Proof. From Taylor series,
df (t, B(t)) =

∂f
∂f
1 ∂ 2f
dt +
dB(t) +
(dB(t))2
∂t
∂x
2 ∂x2

+ other terms that are 0 by Itô process multiplication rules.
And so, we obtained
df (t, B(t)) =

∂f
1 ∂ 2f
∂f
dt +
dB(t) +
dt
∂t
∂x
2 ∂x2


=

1 ∂ 2f
∂f
+
∂t
2 ∂x2


dt +

∂f
dB(t).
∂x


6.3. Application of Itô’s Lemma
The main target of this chapter is to obtain a closed form solution for the stock
price as a Geometric Brownian Motion. We have referred to the lognormal model
which is the solution of the stochastic deferential equation for the stock price, but
here we will show how we get that by applying Itô’s lemma. This solution is the
one we use in the derivation of the Black Scholes formula.
Let f (t, x) = eµt+σx , let St = f (t, B(t))
Then, by applying Itôs lemma, we obtain


1 2 µt+σB(t)
µt+σB(t)
dSt = df (t, B(t)) = µe
+ σ e
dt + σeµt+σB(t) dB(t)
2

=


1 2
µ + σ St dt + σSt dB(t)
2

Therefore, if we set r = µ + 12 σ 2 , we get
dSt = rSt dt + σSt dB(t).
That is our Geometric Brownian motion which satisfies
1

S = S0 e(r− 2 σ

2 )t+σ

√

tZ

.

Bibliography
[1] D. Stefanica, A primer for the Mathematics of Financial Engineering, Fe Press,
2008.
[2] J. Hull, Fundamentals of futures and options markets, Pearson Higher Education AU, 2013.
[3] N. Chriss, Black Scholes and beyond: option pricing models, McGraw-Hill,
1996.
[4] P. Wilmott, S. Howison, J. Dewynne, The mathematics of financial derivatives:
a student introduction, Cambridge University Press. 1995.
[5] P. Wilmott, Paul Wilmott introduces quantitative finance, John Wiley & Sons,
2007.
[6] P. Wilmott, Frequently asked questions in quantitative finance, 2010.
[7] P. Wilmott, Paul Wilmott on quantitative finance, John Wiley & Sons, 2013.
[8] R. L. McDonald, R. Fahlenbrach, M. Cassano, Derivatives markets, AddisonWesley Boston, 2006.
[9] S. M. Ross, Introduction to probability models, Academic press, 2014.
[10] E. Turner,The Black-Scholes model and extensions, Research Report, Chicago,
2010.
[11] http://www.math.ucsd.edu/ msharpe/stockgrowth.pdf
[12] http://faculty.atu.edu/mfinan/actuarieshall/DFEM.pdf
[13] http://www.actuarialseminars.com/Misc/Lognormal.pdf
[14] http://www.columbia.edu/ ks20/FE-Notes/4700-07-Notes-GBM.pdf
[15] http://www.johnboccio.com/research/quantum/notes/sde.pdf
[16] https://ocw.mit.edu/courses/mathematics/18-s096-topics-in-mathematicswith-applications-in-finance-fall-2013/video-lectures/lecture-18-ito-calculus/

34

Vita Auctoris
Fatimah Asiri was born in 1987 in Khamis Albahar, Saudi Arabia. She graduated from Bahar Abu Skinah High School, Assir in 2004. From there she went
on to the King Khaled University where she obtained her Bachelor’s of Science
in Mathematics in 2008. She is currently a Master candidate at the University of
Windsor and she hopes to graduate in January 2018.

35

